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1. Introduction
In this paper all graphs are undirectedﬁnite graphswithout loops andmultiple edges. LetG = (V , E)
be a graph with vertex set V(G) = {v1, v2, . . . , vn} and edge set E(G). For v ∈ V , the degree of v, written
by d(v), is the number of edges incident with v. Let A(G) be the adjacency matrix of G and let D(G) be
the diagonal matrix of vertex degrees. The Laplacian matrix of G is deﬁned to be L(G) = D(G) − A(G).
It is easy to see that L(G) is a singular, semi-positive, symmetric matrix and its rows sum to 0. Denote
its eigenvalues by
μ1(G) μ2(G) · · · μn(G) = 0,
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which are always enumerated in non-increasing order.Wedenote the largest eigenvalueμ1(G) of L(G)
by μ(G) and call it the Laplacian spectral radius of G.
There are a lot of relations between the Laplacian spectral radius and numerous graph invari-
ants, and the Laplacian spectral radius of a graph has numerous applications in theoretical chemistry,
combinatorial optimization, communication networks, etc. For related reference, one may see [21].
Besides, from the known fact thatμ1(G) + μn−1(G) = n, we can see that the Laplacian spectral radius
is of relevance to the algebraic connectivity of a graph which is a good parameter to measure how
well a graph is connected. There is a good deal work on algebraic connectivity for graphs (see [1]
and references therein), and particular attention has been paid to algebraic connectivity for unicyclic
graphs (see [3] for example).
Recently, the problem concerning graphs with maximal or minimal Laplacian spectral radius of a
given class of graphs has been studied by many authors. Let H(n,n + t) be the set of all connected
graphswith n vertices and n + t edges, where t  −1.When−1 t  1, it is the set of trees, unicyclic
graphs and bicyclic graphs of order n, respectively. Gutman [14] proved that the star has the greatest
value of the Laplacian spectral radius inH(n,n − 1). Petrovic´ and Gutman [23] proved the path has the
smallest value of the Laplacian spectral radius in H(n,n − 1). Zhang and Li [25] and Guo [8] gave the
ﬁrst four trees in H(n,n − 1), ordered according to their Laplacian radii. Yu et al. [24] determined the
ﬁfth to eighth trees in the above ordering. Guo [8] determined the ﬁrst and Guo [13] determined the
second largest Laplacian spectral radii together with the corresponding graphs among all trees with
n vertices and matching number q. Hong and Zhang [16] determined the tree with largest Laplacian
spectral radius among all trees with n vertices and k pendant vertices. Guo [12] determined the ﬁrst
[d/2] trees among all trees with n vertices and diameter d ordered according to their Laplacian radii.
Guo [11] determined the ﬁrst four largest Laplacian spectral radii together with the corresponding
graphs among all graphs in H(n,n). Liu et al. [18] extended this ordering by determining the ﬁfth to
the ninth largest Laplacian spectral radii together with the corresponding graphs among all graphs in
H(n,n). He et al. [15] obtained the ﬁrst four largest Laplacian radii among all the graphs inH(n,n + 1)
together with the corresponding graph. Guo [7] determined the graphs with largest Laplacian spectral
radius among all the unicyclic graphs and all the bicyclic graphswith n vertices and k pendant vertices,
respectively.
When t = 2,H(n,n + 2) is the set of all the tricyclic graphs of order n. Petrovic´ and Borovicanin [22]
and Geng and Li [4] studied the adjacency spectral radius of tricyclic graphs, and determined the graph
with largest adjacency spectral radius among all the tricyclic graphs with n vertices and k pendant
vertices. In this paper, we determine the graph with largest Laplacian spectral radius among all the
tricyclic graphs with n vertices and k pendant vertices.
2. Preliminaries
Denote by Cn and Pn the cycle and the path, respectively, each on n vertices. Let G − uv denote
the graph that arises from G by deleting the edge uv ∈ E(G). Similarly, G + uv is the graph that arises
from G by adding the edge uv /∈ E(G), where u, v ∈ V(G). For v ∈ V(G), N(v) denotes the set of all
neighbors of vertex v in G, d(v) = |N(v)| denotes the degree of vertex v in G, G − v denotes the graph
that arises from G by deleting the vertex v and all edges incident with v. d(u, v) denotes the distance
between two vertices u and v. A pendant vertex of G is a vertex of degree 1. A pendant edge is an edge
incident with a pendant vertex. A path vv1v2 . . . vk of G is called a pendant path from a vertex v if
d(v1) = · · · = d(vk−1) = 2 and d(vk) = 1. k paths Pl1 , Pl2 , . . . , Plk is said to have almost equal lengths if
l1, l2, . . . , lk satisfy |li − lj| 1 for 1 i, j  k.
For convenience, we denote by T kn the set of all the tricyclic graphs with n vertices and k pendant
vertices. We know, by Geng and Li [4], that a tricyclic graph G contains at least 3 cycles and at most
7 cycles, furthermore, there do not exist 5 cycles in G. Let T k,in ⊆ T kn be the set of all the graphs with
exact i cycles for i = 3, 4, 6, 7. Then T kn = T k,3n
⋃T k,4n ⋃T k,6n ⋃T k,7n .
For any G ∈ T kn , G can be obtained from some Ti shown in Fig. 1 by attaching trees to some vertices.
Let Tw
i
∈ T kn denote the graph obtained from Ti by attaching k paths with almost equal lengths to some
vertex w of Ti, and let T
w
i,h
∈ T kn denote the graph obtained form some Ti and k paths of almost equal
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Fig. 1. T1 − T15.
lengths with a common end vertex v by joining some vertex w of Ti and the vertex v with a new path
wu1u2 . . .uh−1v (h 1). For anyG ∈ T k, 3n , denote by Cp,Cq and Cr the cycles ofG. Let v1 be the common
vertex of three cycles of T1, and denote by T
v1
1
(p, q, r) the graph Tv1
1
.
The terminology not deﬁned here can be found in most textbooks on the theory of graphs. In order
to complete the proof of our main result, we need following lemmas.
Lemma2.1 [2]. Let G be a graph on n vertices. Thenμ(G) n,with equality if and only if G is disconnected,
where G is the complement of G.
Lemma 2.2 [2]. Let G be a graph. Then
μ(G) max {d(vi) + d(vj) : vivj ∈ E} .
If G is connected, then equality holds if and only if G is a bipartite graph and the degree is constant on each
class of vertices.
Lemma 2.3 [19]. Let G be a graph. Then
μ(G) max {di + mi : vi ∈ V(G)} ,
where mi =
∑
vivj∈E d(vj)
d(vi)
is the average of the degrees of the vertices of G adjacent to vi, which is called
average 2-degree of vertex vi.
Lemma 2.4 [17]. Let G be a graph. Then
μ(G) max
{
di(di + mi) + dj(dj + mj)
di + dj
: vivj ∈ E(G)
}
.
Let X be an eigenvector of G corresponding to μ(G). It will be convenient to associate with X a
labelling of G in which vertex vi is labelled xi (or xvi ).
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Lemma 2.5 [9]. Let v be a vertex of a connected graph G with at least two vertices. Let Gk,l (l  k  1) be
the graph obtained from G by attaching two new paths P : v(= v0)v1v2 . . . vk and Q : v(= v0)u1u2 . . .ul
of length k and l, respectively, at v, where u1,u2, . . . ,ul and v1, v2, . . . , vk are distinct new vertices. Let
Gk−1,l+1 = Gk,l − vk−1vk + ulvk. Then
μ(Gk−1,l+1) μ(Gk,l),
with equality if and only if there exists a unit eigenvector of Gk,l corresponding to μ(Gk,l) taking the value
0 on vertex v.
Lemma 2.6 [9]. Suppose u, v are two distinct vertices of a connected graph G. Let Gt be the graph obtained
from G by attaching t new paths vvi1vi2 . . . viqi (i = 1, 2, . . . , t) at v. Let X be a unit eigenvector of Gt
corresponding to μ(Gt) 4. Let
Gu = Gt − vv11 − vv21 − · · · − vvt1 + uv11 + uv21 + · · · + uvt1.
If |xu| |xv|, then μ(Gu) μ(Gt). Further, if |xu|> |xv|, then μ(Gu)>μ(Gt).
Lemma 2.7 [6]. Let G be a graph and let G′ = G + e be the graph obtained from G by inserting a new edge
e into G. The Laplacian eigenvalues of G and G′ interlace, that is,
μ1(G
′) μ1(G) μ2(G′) μ2(G) · · · μn(G′) = μn(G) = 0.
A subdivision of a connected graph G with at least two vertices is a graph obtained from G by
removing some edge e = uv and adding a new vertexw and edges uw and vw (i.e., subdividing an edge
uv into two new edges uw and vw).
An internal path of a graph G is a sequence of vertices v1, v2, . . . , vk with k  2 such that:
(1) The vertices in the sequence are distinct (except possibly v1 = vk);
(2) vi is adjacent to vi+1, (i = 1, 2, . . . , k − 1);
(3) The vertex degrees d(vi) satisfy d(v1) 3, d(v2) = · · · = d(vk−1) = 2 (unless k = 2) and d(vk)
3.
Lemma 2.8 [9]. Let P : v1v2 . . . vk (k  2) be an internal path of a connected bipartite graph G with vertex
set {v1, v2, . . . , vn}(n> k). Let G′ be a graph obtained from G by subdiving some edge of P. Then we have
μ(G′)<μ(G).
Lemma 2.9 [9]. Let G be a connected bipartite graph with vertex set V(G) = {v1, v2, . . . , vn} and uv an
edge on an internal path P : v1v2 . . . vk(n> k  2) of G. Let G2l+1(l  1) be the graph obtained from G by
subdividing the edge uv into 2l + 1 new edges. Then we have
μ(G)>μ(G2l+1)>μ(G2l+3).
Lemma 2.10 [8]. If G1 is a proper subgraph of a connected bipartite graph G, then we haveμ(G1)<μ(G).
Lemma 2.11 [5]. Let G be a connected graph on n vertices with at least one edge, then μ(G) (G) + 1,
where (G) is the maximum degree of the graph G, with equality if and only if (G) = n − 1.
Lemma 2.12 [10]. Let v be a vertex in a connected graph G and suppose that s(s  2) new paths (with
equal length k) Pi : vvikvi(k−1) . . . vi1, (i = 1, 2, . . . , s; k  1) are attached to G at v, respectively, to from
a new graph Gks , where vik , vi(k−1), . . . , vi1, (i = 1, 2, . . . , s) are distinct new vertices. Gks;t1 be the graph
obtained from Gks by adding t1
(
1 t1  s(s−1)2
)
edges among vertices v11, v21, . . . , vs1. If(G
k
s ) s + 1,
then μ(Gks ) = μ(Gks;t1). In particular, we have μ(Gk2) = μ(Gk2;1).
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Lemma 2.13. Let h 1 and k  2. Tv1
1
, Tw
1,h
∈ T kn are two tricyclic graphs deﬁned as above. Then
μ(Tw1,h)<μ(T
v1
1
).
Proof. If w /= v1 or h /= 1, by Lemmas 2.2 and 2.11, we have, for k  2,
μ(Tw1,h) max{k + 4, 9} k + 7 = (Tv11 ) + 1<μ(Tv11 ).
If w = v1, h = 1 and k  3, by Lemmas 2.3 and 2.11, we have
μ(Tv1
1,1
)  max
{
k + 1 + 2k + 7
k + 1 , 2 +
k + 3
2
, 7 + k + 13
7
, 2 + 9
2
}
 k + 7<μ(Tv1
1
).
If w = v1,h = 1 and k = 2, by Lemmas 2.4 and 2.11 we have
μ(Tv1
1,1
)  max
⎧⎨
⎩
7
(
7 + 157
)
+ 3
(
3 + 11
3
)
10
,
2
(
2 + 9
2
)
+ 7
(
7 + 157
)
9
,
3
(
3 + 11
3
)
+ 2
(
2 + 5
2
)
5
⎫⎬
⎭
 k + 7<μ(Tv1
1
).
This completes the proof. 
Lemma 2.14. G ∈ T k,3n is obtained from T1 by attaching trees to some vertices of T1. Then
μ(G) μ(Tv1
1
),
and equality holds if and only if G ∼= Tv11 .
Proof. Applying the transformations described in Lemmas 2.6 and 2.5 repeatedly, we can transform
G into a graph Tw
1
or Tw
1,h
such that
μ(G) max
{
μ(Tw1 ),μ(T
w
1,h)
}
,
where w is a vertex of T1. If k  2, by Lemma 2.13 we have
μ(Tw1,h)<μ(T
v1
1
).
If k = 1, it is easy to see Tw
1,h
∼= Tw1 . Thus, in the following, we only need to prove that
μ(Tw1 ) μ(Tv11 ),
with equality holds if and only if w = v1.
Case 1. w /= v1 and w /∈ N(v1). By Lemmas 2.11 and 2.2, we have
μ(Tw1 ) max{k + 4, 8} k + 7<μ(Tv11 ).
Case 2. w /= v1 but w ∈ N(v1). By Lemmas 2.3 and 2.11, we have
μ(Tw1 )  max
{
k + 2 + 2k + 8
k + 2 , 6 +
k + 12
6
, 2 + k + 4
2
, 2 + 8
2
}
 k + 7<μ(Tv1
1
)
for k  2. For k = 1, by Lemmas 2.4 and 2.11, we have
μ(Tw1 )
68
9
<μ(Tv1
1
).
Case 3. w = v1. Then μ(Tw1 ) = μ(Tv11 ).
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Combining the above arguments, we have μ(G) μ(Tv1
1
), and equality holds if and only if
G ∼= Tv11 . 
Lemma 2.15. Let G ∈ T kn be obtained from Ti (i = 2, 3, . . . , 15) by attaching trees to some vertices of Ti.
Then
μ(G) k + 7<μ(Tv1
1
).
Proof. Applying the transformations described in Lemmas 2.6 and 2.5 repeatedly, we can transform
G into Tw
i
or Tw
i,h
such that
μ(G) max
{
μ(Twi ),μ(T
w
i,h)
}
,
where w is a vertex of Ti. Applying Lemmas 2.2–2.4, by reasoning similarly as Lemmas 2.13 and 2.14,
we have
μ(Twi,h) k + 7, μ(Twi ) k + 7.
Therefore
μ(G) k + 7<μ(Tv1
1
). 
3. Main results
Theorem 1. Let G be a tricyclic graph with n vertices and k  1 pendant vertices.
(1) If n k + 10, then μ(G) μ(Tv1
1
(4, 4, 4)), and equality holds if and only if G ∼= Tv11 (4, 4, 4);
(2) If n = k + 9, then μ(G) μ(Tv1
1
(4, 4, 3)), and equality holds if and only if G ∼= Tv11 (4, 4, 3);
(3) If n = k + 8, then μ(G) μ(Tv1
1
(4, 3, 3)), and equality holds if and only if G ∼= Tv11 (4, 3, 3);
(4) If n = k + 7, then μ(G) n, and equality holds if and only if G ∼= Tv11 (3, 3, 3);
(5) If n = k + 6, then μ(G) n, and equality holds if and only if G ∼= Tv8 ;
(6) If n = k + 5, then μ(G) n, and equality holds if and only if G ∼= Tv12;
(7) If n = k + 4, then μ(G) n, and equality holds if and only if G ∼= Tv15;
where v is a vertex of the maximum degree of T8, T12 and T15, respectively.
Proof. Let G ∈ T kn . Then G can be obtained from some Ti (i = 1, 2, . . . , 15) by attaching trees to some
vertices of Ti. By Lemmas 2.14 and 2.15, we have
μ(G) μ(Tv1
1
(p, q, r)),
and equality holds if and only if G ∼= Tv11 (p, q, r).
We ﬁrst prove (1). We only need to prove that
μ(Tv1
1
(p, q, r)) μ(Tv1
1
(4, 4, 4))
forn k + 10, and equality holds if and only if p = q = r = 4.Without loss of generality,wedistinguish
the following four cases.
Case 1. p, q, r are all even. Then T
v1
1
(p, q, r) is bipartite. Let p = 2k  4. Tv1
1
(p, q, r) can be obtained from
T
v1
1
(4, q, r) ∈ T kn by subdividing an edge of the C4 into 2k − 3 new edges, and deleting 2k − 4 pendant
vertices in turn from the k pendant paths. By Lemmas 2.9 and 2.10, we have
μ(Tv1
1
(p, q, r)) μ(Tv1
1
(4, q, r)), (3.1)
and equality holds if and only if p = 4.
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Similarly, applying Lemmas 2.9 and 2.10 to T
v1
1
(4, q, r), we have
μ(Tv1
1
(4, q, r)) μ(Tv1
1
(4, 4, 4)), (3.2)
and equality holds if and only if q = r = 4.
From (3.1) and (3.2), we have
μ(Tv1
1
(p, q, r)) μ(Tv1
1
(4, 4, 4)),
and equality holds if and only if p = q = r = 4.
Case 2. There exists exactly one number among p, q, rwhich is odd.Without loss of generality, suppose
that r is odd. Let uv be the edge of Cr such that d(u, v1) = d(v, v1). By Lemma 2.12, we have
μ(Tv1
1
(p, q, r) − uv) = μ(Tv1
1
(p, q, r)). (3.3)
Since T
v1
1
(p, q, r) − uv is bipartite, applying Lemmas 2.9 and 2.10, by reasoning similarly as that of Case
1, we have
μ(Tv1
1
(p, q, r) − uv) μ(Tv1
1
(4, 4, r) − uv), (3.4)
and equality holds if and only if p = q = 4.
Since n k + 10, we conclude that there exists some pendant path, of Tv1
1
(4, 4, r) − uv, with length
at least 2. Suppose the pendent vertex and the length of the pendent path are w and l (l  2),
respectively. We may suppose that w /= v. Otherwise we may put w = u. Let Tv1
1
(4, 4, r) − uv + wv =
T
v1
1
(4, 4, s). Then s  4.
If s is even, by Lemma 2.10 and Case 1, we have
μ(Tv1
1
(4, 4, r) − uv)<μ(Tv1
1
(4, 4, s)) μ(Tv1
1
(4, 4, 4)). (3.5)
From (3.3)–(3.5), we have
μ(Tv1
1
(p, q, r))<μ(Tv1
1
(4, 4, 4)).
If s is odd, then s  5. Tv1
1
(4, 4, s) can be obtained from Tv1
1
(4, 4, s − 1) ∈ T kn by subdividing one edge
of Cs−1 into 2 new edges and deleting one pendant vertex of the longest pendant path. By Lemmas 2.7
and 2.8 and Case 1, we have
μ(Tv1
1
(4, 4, r) − uv) μ(Tv1
1
(4, 4, s))<μ(Tv1
1
(4, 4, s − 1)) μ(Tv1
1
(4, 4, 4)). (3.6)
From (3.3), (3.4) and (3.6), we have
μ(Tv1
1
(p, q, r))<μ(Tv1
1
(4, 4, 4)).
Case3.Thereexist exactly twonumbersamongp, q, rwhichareodd.Without lossof generality, suppose
that q, r are odd and q r.
If q 5, let Cq = v1v2v3 . . . vqv1, and let uv be the edge of Cr such that d(u, v1) = d(v, v1), By Lemma
2.12, we have
μ(Tv1
1
(p, q, r) − uv) = μ(Tv1
1
(p, q, r)). (3.7)
Let T
v1
1
(p, q − 1, r) ∈ T kn . By Lemma 2.8, Lemma 2.10, Lemma 2.7 and Case 2, we have
μ(Tv1
1
(p, q, r) − uv) <μ(Tv1
1
(p, q, r) − uv − v1v2 + v1v3)
<μ(Tv1
1
(p, q − 1, r)) μ(Tv1
1
(4, 4, 4)). (3.8)
From (3.7) and (3.8), we have
μ(Tv1
1
(p, q, r))<μ(Tv1
1
(4, 4, 4)).
If q = r = 3, let Tv1
1
(4, 3, 3) ∈ T kn , and Cq : v1abv1 and Cr : v1uvv1 be the cycles of length 3 in both
T
v1
1
(p, 3, 3) and Tv1
1
(4, 3, 3), by Lemma 2.12, we have
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μ(Tv1
1
(p, 3, 3) − ab − uv) = μ(Tv1
1
(p, 3, 3)). (3.9)
Since T
v1
1
(p, 3, 3) − ab − uv is bipartite, applying Lemmas 2.9 and 2.10, by reasoning similarly as
that of Case 1, we have
μ(Tv1
1
(p, 3, 3) − ab − uv) μ(Tv1
1
(4, 3, 3) − ab − uv), (3.10)
and equality holds if and only if p = 4.
Since n k + 10, we conclude that there exists some pendant path, of Tv1
1
(4, 3, 3) − ab − uv, with
length at least 2. Suppose the pendent vertex and the length of the pendent path are w and l (l  2),
respectively. Clearly w /∈ {a, b,u, v}. By Lemmas 2.7 and 2.5, we have
μ(Tv1
1
(4, 3, 3) − ab − uv) μ(Tv1
1
(4, 3, 3) − uv + wv) μ(Tv1
1
(4, l + 2, 3, )). (3.11)
Since l + 2 4, by Case 2 or the front of Case 3, we have
μ(Tv1
1
(4, l + 2, 3))<μ(Tv1
1
(4, 4, 4)). (3.12)
From (3.9)–(3.12), we have
μ(Tv1
1
(p, 3, 3))<μ(Tv1
1
(4, 4, 4)).
Case 4. p, q, r are all odd.Without loss of generality, suppose that p q r. By Lemma 2.12, there exist
edges uv and xy of Cq and Cr , respectively, such that
μ(Tv1
1
(p, q, r) − uv − xy) = μ(Tv1
1
(p, q, r)).
If p 5, let Tv1
1
(p − 1, q, r) ∈ T kn , by Lemmas 2.8, 2.10 and 2.7 and Case 3 we have
μ(Tv1
1
(p, q, r) − uv − xy)<μ(Tv1
1
(p − 1, q, r) − uv − xy)<μ(Tv1
1
(p − 1, q, r))<μ(Tv1
1
(4, 4, 4)).
If p = q = r = 3, since n k + 10, we conclude that there exists some pendant path, of Tv1
1
(3, 3, 3),
with length at least 2. Suppose the pendent vertex and the length of the pendent path are w and
l (l  2), respectively. Let Cr : v1uvv1 be a cycle of Tv11 (3, 3, 3). By Lemma 2.12, Lemma 2.7, Lemma 2.5,
Case 3 and the front of Case 4, we have
μ(Tv1
1
(3, 3, 3)) = μ(Tv1
1
(3, 3, 3) − uv) μ(Tv1
1
(3, 3, 3) − uv + uw)
μ(Tv1
1
(3, 3, l + 2))<μ(Tv1
1
(4, 4, 4)).
Combining Cases 1–4, we obtain a proof of (1).
By reasoning similarly as above, we can obtain proofs of (2) and (3). By employing Lemma 2.1, it is
not difﬁcult to prove (4)–(7). 
Acknowledgments
We are grateful to Professor Kirkland and the anonymous referees for valuable suggestions which
result in an improvement of the original manuscript.
References
[1] N.M.M. Abreu, Old and new results on algebraic connectivity of graphs, Linear Algebra Appl. 423 (1) (2007) 53–73.
[2] W.N. Anderson, T.D. Morley, Eigenvalues of Laplacian of a graph, Linear and Multilinear Algebra 18 (1985) 141–145.
[3] S. Fallat, S. Kirkland, S. Pati, Maximizing algebraic connectivity over unicyclic graphs, Linear and Multilinear Algebra 51
(3) (2003) 221–241.
[4] X.Y. Geng, S.C. Li, The spectral radius of tricyclic graphs with n vertices and k pendant vertices, Linear Algebra Appl. 428
(2008) 2639–2653.
[5] R. Grone, R. Merris, The Laplacian spectrum of graph II, SIAM J. Discrete Math. 7 (1994) 221–229.
[6] R. Grone, R. Merris, V.S. Sunder, The Laplacian spectrum of a graph, SIAM J. Matrix Anal. Appl. 11 (2) (1990) 218–238.
[7] J.M. Guo, The Laplacian eigenvalues of graphs, Ph.D. Dissertation, Tongji University, China 2006.
[8] J.M. Guo, On the Laplacian spectral radius of a tree, Linear Algebra Appl. 368 (2003) 379–385.
S.-G. Guo, Y.-F. Wang / Linear Algebra and its Applications 431 (2009) 139–147 147
[9] J.M. Guo, The effect on the Laplacian spectral radius of a graph by adding or grafting edges, Linear Algebra Appl. 413 (2006)
59–71.
[10] J.M. Guo, The Laplacian spectral radius of a graph under perturbation, Comput. Math. Appl. 54 (2007) 709–720.
[11] S.G. Guo, The largest eigenvalues of the Laplacian matrices of unicyclic graphs, Appl. Math. J. Chinese Univ. Ser. A 16 (2)
(2001) 131–135. (in Chinese).
[12] S.G. Guo, Ordering treeswith n vertices and diameter d by their largest Laplacian eigenvalues, Util. Math. 74 (2007) 65–69.
[13] S.G. Guo, Ordering trees with n vertices andmatching number q by their largest Laplacian eigenvalues, Discrete Math. 308
(2008) 4608–4615.
[14] I. Gutman, The star is the tree with greatest Laplacian eigenvalue, Kragujevac J. Math. 24 (2002) 61–65.
[15] C.X. He, J.Y. Shao, J.L. He, On the Laplacian spectral radii of bicyclic graphs, Discrete Math. 308 (2008) 5981–5995.
[16] Y. Hong, X.D. Zhang, Sharp upper and lower bounds for largest eigenvalue of the Laplacian matrix of trees, Discrete Math.
296 (2005) 187–197.
[17] J.S. Li, X.D. Zhang, On Laplacian eigenvalues of a graph, Linear Algebra Appl. 285 (1998) 305–307.
[18] Y. Liu, J.Y. Shao, X.Y. Yuan, Some results on the ordering of the Laplacian spectral radii of unicyclic graphs, Discrete Appl.
Math. 156 (2008) 2679–2697.
[19] R. Merris, A note on Laplacian graph eigenvalues, Linear Algebra Appl. 285 (1998) 33–35.
[20] B. Mohar, The Laplacian spectrum of graphs, Graph Theory, Combin. Appl. 2 (1991) 871–898.
[21] B.Mohar, Someapplications of Laplace eigenvalues of graphs.Notes takenbyMartin Juvan (English), in:G.Hahnet al. (Eds.),
Graph Symmetry: Algebraic Methods and Applications, NATO ASI Ser., Ser.C, Math. Phys. Sci., vol. 497, Kluwer Academic
Publishers, Dordrecht, 1997, pp. 225–275.
[22] M. Petrovic´, B. Borovicanin, The spectral radius of tricyclic graphs with n vertices and k pendant edges, Ars Combin. 86
(2008) 77–88.
[23] M. Petrovic´, I. Gutman, The path is the tree with smallest greatest Laplacian eigenvalue, Kragujevac J. Math. 24 (2002)
67–70.
[24] A. Yu, M. Lu, F. Tian, Ordering trees by their Laplacian spectral radii, Linear Algebra Appl. 405 (2005) 45–59.
[25] X.D. Zhang, J.S. Li, The two largest eigenvalues of Laplacianmatrices of trees, J. China Univ. Sci. Technol. 28 (1998) 513–518.
(in Chinese).
